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Categories, types, symmetries
Michael Moortgat

Introduction
In this squib, we study some symmetry patterns that arise from introducing a notion of
duality in categorial grammar. We first look at residuated and dually residuated families
of operations, in syntax and semantics. Inspecting the monotonicity properties of these
operations, we then identify a further set of (dually) Galois connected binary operations,
hitherto uninvestigated in the linguistic setting. We close with a little puzzle, inspired by a
visit to Dublin’s Broom Bridge.
1

V

Klein’s Vierergruppe V , with the multiplication table below, characterizes a simple but
pervasive form of symmetry, showing up in many areas of natural language syntax and
semantics. In the generalized quantifier framework, as observed in (Van Benthem 1986: 110),
we can read Qa AB as external negation not QAB, Qb AB as inner negation QA(A − B), and
Qc AB as their composition not Qb AB, which for Q = all then yields the traditional square of
opposition.
1 a b c
1 1 a b c
V:
a a 1 c b
b b c 1 a
c c b a 1
Klein’s Vierergruppe also turns up in LG, a ‘bilinear’ generalization of Lambek’s Syntactic
Calculus originally proposed in Grishin (1983). In the traditional categorial systems, one
has a multiplicative product ⊗ expressing Merge, together with left and right division
operations \ and / expressing selection, i.e. incompleteness with respect to Merge. These
three operations form a family, related by the residuation principles (rp). Grishin adds a
dual family: a multiplicative sum, together with right and left difference operations and
;, expressing subtraction with respect to ⊕. The operations ;, ⊕, form a dual residuated
triple in the sense of (drp).
(rp)
A ≤ C/B
(drp) B ;C ≤ A

⇔ A⊗B ≤C
⇔ C ≤ B⊕A

⇔ B ≤ A\C
⇔ C A≤B
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In this bilinear setting, we find two symmetries: the order-preserving left-right symmetry
given by the translation tables1 (./) and (∞) below. One easily verifies that the operations
./, ∞ and their composition give rise to the Klein 4-group.
./

A⊗B
B⊗A

C/D
D\C

B ⊕ A D ;C
A⊕B C D

C/B
B ;C

∞

A ⊗ B A\C
B⊕A C A

Now, writing f : A −→ B for a proof of the inequality A ≤ B, we have the biconditionals
below.
f ./
A./ −−→ B./

⇔

f
A −−→ B

f∞
B∞ −−→ A∞

⇔

Starting from this simple core, one can then unfold a landscape of categorial type logics
by attributing associativity and/or commutativity properties to the Merge operation and its
dual. Or, more interestingly, one can keep these operations in their pure non-associative/noncommutative form, and introduce mixed principles of associativity/commutativity for the
interaction between the ⊗ and the ⊕ families. For example
(mixed ass) (A ; B) ⊗C ≤ A ; (B ⊗C)

A ⊗ (B ;C) ≤ C ; (A ⊗C) (mixed comm)

and left/right symmetric cases. The resulting type logic respects word order and phrase
structure, but it gains expressivity beyond that of the original Syntactic Calculus. A nice
illustration is Moot (2007), who shows how one can model the adjunction operation of
(lexicalized) Tree Adjoining Grammar with the interaction principles above, and Lowering
(B A) ; B ≤ A, a principle that is available already in the core residuation logic. For an
overview of the linguistic exploration of LG, see (Moortgat 2009).
2

Monotonicity

To gain a better understanding of the meaning of these type-forming operations, it is
instructive to inspect their monotonicity properties a bit closer. Deriving these properties
from the preorder laws (reflexivity, transitivity of ≤) and the (dual) residuation principles is
straightforward. As an example, below on the left the demonstration that A\B is antitone
(order reversing) in its A argument, isotone (order preserving) in B; on the right, the image
under ·∞ .

A0 ≤ A

A\B ≤ A\B
A ⊗ (A\B) ≤ B
A ≤ B/(A\B)

A0 ≤ B/(A\B)
A0 ⊗ (A\B) ≤ B
A0 ⊗ (A\B) ≤ B0
A\B ≤ A0 \B0
1 Abbreviating

B ≤ B0

B A≤B A
B ≤ (B A) ⊕ A
(B A) ; B ≤ A
(B A) ; B ≤ A0

B0 ≤ B

B ≤ (B

B0 ≤ (B
B0

A) ⊕ A0

A0 ≤ B

(A ⊗ B)./ = B./ ⊗ A./ , etc. and with p./ = p = p∞ for atoms.

A

A ≤ A0

A) ⊕ A0
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The table below gives the full picture for the six type-forming operations considered so far.
tonicity (−, +) (+, +) (+, −)
A;B A⊗B A B
A\B
A⊕B
A/B
Note that the ⊗ and ⊕ families have the same tonicity behavior. To see how they differ, let
? be some type-forming operation and consider which side of the inequality the subtypes
A and B occupy when you put together A ? B by means of a monotonicity inference. In the
example of A\B and B A, we used highlighting to explicitly mark these positions.
··· ≤ A

B ≤ ···

A\B ≤ · · ·

··· ≤ B
··· ≤ B

A ≤ ···
A

The possible patterns can be characterized by associating each type-forming operation with
a ‘trace’ (±1 , ±2 ) 7→ ±3 . Goré (1997: §6.2) gives a clear exposition of the concept, which
was originally introduced by Dunn in his study of Kripke frame semantics of substructural
logics. For our purposes, we simply read these traces as follows: ±1 , ±2 and ±3 refer to
the first and second subtype and the complex formula respectively; the sign is + (−) for an
occurrence left (right) of ≤.
For the families ⊗, \, / and ⊕, ;, , we then have the following traces. Notice that
from a trace (±1 , ±2 ) 7→ ±3 , one obtains the tonicity properties of the relevant operation
by multiplying ±1 and ±2 by ±3 ; for example, in the case of , (−−, +−) = (+, −). Also
notice that the columns for ⊗, \, / and ⊕, ;, are related by the ./ ∞ symmetry, which
means inversion of the signs for the traces.
trace
⊗ (−, −) 7→ −
\ (−, +) 7→ +
/ (+, −) →
7 +
3

tonicity
(+, +)
(−, +)
(+, −)

trace
⊕ (+, +) 7→ +
; (+, −) 7→ −
(−, +) 7→ −

tonicity
(+, +)
(−, +)
(+, −)

Interpretation

For the traditional categorial systems, the syntax-semantics mapping takes the form
of a homomorphism sending types and derivations of a syntactic source calculus to their
counterparts in LP, the semantic target calculus for resource-conscious meaning assembly.
The mapping associates syntactic atoms with semantic types and maps the two directional
slashes to a single function type constructor. Compositional interpretation is obtained in
Curry’s ‘proofs as programs’ style: the image of a syntactic derivation becomes a linear
logic judgement x1 : A1 , . . . , xn : A :n ` t : B, assembling a program t of type B out of the input
parameters xi of type Ai .
For the bilinear type logic LG, the target for semantic interpretation remains LP. But
judgements now can take the form A1 , . . . , An ` B1 , . . . , Bm , relating multiple inputs to multiple outputs. To extract a meaning assembly program out of such a judgement, we will have
to focus on a particular input Ai or output B j . This is exactly what a continuation semantics
allows us to do: inputs are associated with semantic values, outputs with continuations,
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i.e. evaluation contexts for these values with respect to the overall result of the computation.
Focusing on an input creates a function consuming a value to produce this overall result;
focusing on an output creates a function that operates on a continuation to produce the
overall result.
Here is how Bernardi and Moortgat (2007) work out this style of interpretation. The
target logic has a distinguished atom ⊥ representing the overall result of computations (the
response type). For complex types, we have linear products ⊗, and a restricted form of
linear implication: all function types result in ⊥. We write A (⊥ as a ‘negation’ A⊥ . For
slash types and their duals, the syntax-semantics mapping then becomes2
dA\Be = (dAe ⊗ dBe⊥ )⊥

dA

Be = dAe ⊗ dBe⊥

The interpretation for A\B, rather than being a function mapping an A value to a B value,
here is a function taking an A value and a B continuation to produce a ⊥ result. You could
say that d·e reads a functor A\B as a classical tautology ‘A implies B = ‘not (A and not B)’.
The interpretation of the mysterious dual operation A B then simply is a pair of an A value
and a B continuation: drop the outer negation.
Below we illustrate with a simple intransitive and transitive verb, ‘smiles’ vs ‘likes’. For
the lexical translation ·` of the constants, we interpret simple noun phrases as individuals
np` = e and set the type for the overall result to t, so that we can identify s` =⊥` = t. In the
translation for ‘likes’, the parameter v is of type (e(tt)t)t (a verb phrase continuation).
SOURCE TYPE

np\s
(np\s)/np

IMAGE UNDER

d·e

(dnpe ⊗ dse⊥ )⊥
(((dnpe ⊗ dse⊥ )⊥ )⊥ ⊗ dnpe)⊥

·`
λ hxe , ctt i.(c (SMILEet x))
e
λ hv, y i.(v λ hxe , ctt i.(c (LIKEeet y x)))

Notice that d·e, working itself recursively through (np\s)/np, introduces a continuation for
every numerator subtype, leading to a ‘double negation’ for the verb phrase interpretation,
only to be simplified away in the lexical translation.
Bastenhof (2012) proposes a ‘polarized’ semantics which adapts Girard’s (1991) constructive interpretation of classical logic to LG. Polarization simplifies the syntax-semantics
mapping by preemptively compiling away double negations of the type we saw above.
The key idea is to distinguish positively and negatively polar formulas, and to make the
syntax-semantics map J·K for complex formulas sensitive to the polarity of the subformulas.
For the polarity distinction, we can go back to the trace we associated with formulas in the
previous section. The trace output value groups together the operations ⊗, , ; (output: −)
and ⊕, /, \ (output: +). The former we call positively polar, the latter negatively polar.
polarity
A B
JA ⊗ BK
JA\BK = JB/AK
JA ⊕ BK
JA BK = JB ; AK
− − JAK⊥ ⊗ JBK⊥
JAK⊥ ⊗ JBK
JAK ⊗ JBK
JAK⊥ ⊗ JBK
− +
JAK⊥ ⊗ JBK
JAK⊥ ⊗ JBK⊥
JAK ⊗ JBK⊥
JAK⊥ ⊗ JBK⊥
⊥
⊥
+ −
JAK ⊗ JBK
JAK ⊗ JBK
JAK ⊗ JBK
JAK ⊗ JBK
⊥
⊥
⊥
+ +
JAK ⊗ JBK
JAK ⊗ JBK
JAK ⊗ JBK
JAK ⊗ JBK⊥
2 With

dpe = p for atoms, and identifying dA\Be = dB/Ae, etc. In the examples, we have rearranged product
components to keep them aligned with the corresponding subtypes in the syntactic source types, relying on the
commutativity of the semantic target logic LP.
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The table above now gives the polarized version of d·e. For input (output) formulas with
negative (positive) polariy, add an extra outermost negation; for atoms, assign some arbitrary
polarity bias (in the example below: positive). Comparing d·e and J·K, we see that they agree
on np\s. But J·K avoids the double negation on the verb phrase translation for (np\s)/np,
the numerator np\s in this case being of negative polarity.
SOURCE TYPE

IMAGE UNDER

(dnpe ⊗ dse⊥ )⊥
((dnpe ⊗ dse⊥ ) ⊗ dnpe)⊥

np\s
(np\s)/np
4

J·K

·`
λ hxe , ctt i.(c (SMILEet x))
λ hhxe , ctt i, ye i.(c (LIKEeet y x)))

Galois connections

The careful reader at this point will have noticed that our ‘periodic table’ of traces is
incomplete: the patterns (+, +) 7→ − and (−, −) 7→ + are missing. And indeed, there are
two further type-forming operations corresponding to them.
trace
 (+, +) 7→ −
 (−, −) 7→ +

tonicity
(−, −)
(−, −)

Goré (1997: §8) discusses these ‘unusual connectives’, tracing them back to Allwein and
Dunn (1993: 543). Algebraically, they obey the (dual) Galois connection laws below.
(gc) A ≤ B C ⇔ C ≤ B  A ⇔
(dgc) C  B ≤ A ⇔ A  B ≤ C ⇔

B ≤CA
A C ≤ B

The (dual) Galois connection entails that ,  are order reversing in both arguments. The
derivation below shows this for ; the  case is obtained by ∞ duality.
AB ≤ AB
(A  B)  B ≤ A

A ≤ A0

(A  B)  B ≤ A0
A0  (A  B) ≤ B

B ≤ B0

A0  (A  B) ≤ B0
A0  B0 ≤ A  B
Semantically, A  B and A  B are the resource-sensitive versions of logical NAND and
NOR respectively: ‘not (A and B)’ vs ‘(not A) and (not B)’.
The operations ,  so far
have not appeared in categorial analyses. To see whether they have sensible uses, one might
look at the unary (dual) Galois connected type-forming operations of (Areces, Bernardi, and
Moortgat 2001) for inspiration.
(gc) B ≤ A0 ⇔ A ≤ 0 B ;

(dgc)

1

B ≤ A ⇔ A1 ≤ B

In combination with a residuated pair ♦, , the downward entailing operations have been
employed in (Bernardi 2002; Bernardi and Szabolcsi 2008) to control intricate patterns of
polarity licensing.
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5 Q
Our closing section falls in the ‘mathematical games’ category. In 2007, the European
Summer School in Logic, Language and Information was held at Trinity College, Dublin.
Many participants crossed the Liffey to visit the Old Jameson Distillery. But lovers of
structure and symmetry also had a chance to head further north to the bridge over the Royal
Canal where Sir William Rowan Hamilton in 1843 carved the fundamental equation for
quaternion multiplication in the stone. In the previous section, we ended up with a set of
eight type-forming operations. Let us see whether Hamilton’s order-eight quaternion group
Q = {±1, ±i, ± j, ±k} can throw some light on the relations between them. Recall that Q
has generators −1, i, j, k with defining equations
(−1)2 = 1,

i2 = j2 = k2 = i jk = −1

and note that Q is non-abelian: i j = − ji = k, jk = −k j = i, ki = −ik = j.
In the compass rose below, we have arranged the eight type-forming operations with
their traces in a circle. It is convenient to write the trace in binary code, with 0 for − and 1
for +. The arrangementis such that every triple a2 a1 a0 appears diametrically opposite to its
complement a2 a1 a0 . This of course is the interpretation of −1.
⊗000b
−1 :
010

\011


< 110

O

o

/ /101

|



001

"

⊕111

;100

But what about i, j, k and their negatives? There is a pleasant way of visualizing these
operations as in the picture below (invert the arrows for −i, − j, −k).
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Inspecting the effect of i, j, k on ⊗ (trace: 000), one would be tempted to say that the
operations are interpreted as bitwise xor with 001, 100 and 010, respectively. And indeed,
this is correct for the arrows leaving the white nodes. But to ensure that the square of i, j, k
equals −1 (rather than 1), we have to alternate these steps with taking the complement of
this bitwise xor at the black nodes. For example: i takes  (trace: 001) to ⊕ (trace: 111),
i.e. the complement of (001 xor 001). For the black/white partitioning: 000 (hence also 111)
is white always. For the others: 100 is white for i, 010 for j, and 001 for k.
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6 Conclusion
I first met Ed Keenan when I was 25, at the 1979 LSA Linguistic Institute in Salzburg.
I vividly recall the sense of excitement caused by the UCLA Occasional Working Paper
that was circulating there, Logical Types for Natural Language, the later (Keenan and Faltz
1985), and ever since I have found his explorations of structure and symmetry in natural
language a great source of inspiration. It’s good to know that the pursuit of these themes can
become a full-time occupation now that he is retiring from regular teaching!
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